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Data processing
1.

Europe stations recording daily
rainfall.

50 stations by country, more than
50 years of data since 1945, less
than 5% missing values.

Dropped incomplete spells when
missing values.

Daily rainfall recordings < 0.6mm
are considered as dry.

~1000 stations considered.
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Purpose of the study

Scenarios used for risk assessment

Recorded data Stochastic Weather Generator

DUNLEWY Drily precipitation oceurmence

A

» Unlimited scenario length.

» Limitated to recorded duration (~ 50

years). » Produce several scenarios (internal
» No internal variability. variability).

‘ . . .
. No extrapolation beyond recorded values. Potential extreme.extrapolation:

precipitation occurrence, with long periods of drought Sorbonne-Université - Funded by Geole:



Purpose of the study

Spell lengths distribution

We focus on rainfall occurrence on each day n,

Rn = ]l{Rain has been recorded on day n}-

In an homogeneous Markov chain, the spell lengths are i.i.d. (strong Markov property),
so we can study the spell length distribution, denoted

ey

r = 0 for the distribution of a dry spell, r = 1 for the distribution of a rain spell.
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Purpose of the study

Focus: Markov models for rainfall occurrence modeling®

Reminder: Geometric sojourn times
In a Markov chain with discrete state space, the time spent in a given state follows a

geometric law.

Denoting R, the random variable denoting rainfall occurrence,

PROZO (Rl == 0, ceey R,, = 0) = (p(),o)n = exp(—n(— |n(p070)))
We could derive similar exponentially tailed distributions with:
1. Higher order finite state space Markov chains.

2. Hidden state space Markov chains.

Richardson, C. " Stochastic simulation of daily precipitation, temperature, and solar radiation”, Water Resources Research, 1981
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Purpose of the study

Survival function of 7(0)

At a given station let us consider

Empirical survival function
Geometric survival function

1- ﬁemp(d) = K_l Z I{TIEO) > d}? 1-— ﬁgeom(d) = (1 - p\)d

Sorbonne-Uni é - Funded by Geolearning Chair



Survival function of 7(% in log-log scale
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ACHTOPOL spring top quantiles
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Modeling rainfall occurrence: intuition

1-q Q1 1-qo 1-qo 9
Rainfall occurrence toy data for 6 : : : : : :

days: Simple Markov model (R»)no...

Toy example rain occurrence

= rain day

== ey IP() = IP](qo,ql)(')7 P(T(O) = d) = (1 - qO)d71 qo0

Rain occurence
°
&

' 1—qf @ 1-q) 1-¢qf a
-

Enlarged Markov model (Ry, Dy)n-o...

d-1
— 0 _ 4) — ) ) ,©
P() = ]P’(qSO),q‘(jl)),d:u‘_.(')a P(r® = d) = (l | 1—q > qq

k=1
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Rainfall occurrence modeling

Waiting Time Representation of a discrete distribution

Proposition (adapted from (Kozubowski)?)
The distribution of 7(") is in one-to-one correspondence with the sequence {qff)}dzl defined by
P(r =d |70 >d), ifP(+(7 >d) >0,

qy) = , v d
1, otherwise.

\%
-

(1)

» Choosing 7") distribution (alternating renewal chain) uniquely determines (qu))d:lm.

» Choosing (qt(,r))dzlm (Markov chain) uniquely determines 7(") distribution (we have a condition

on the sequence (q((,'))dzlm, see Appendix for details).

Tomasz J. Kozubowski, Dorota Miynarczyk, Anna K. Panorska " Waiting time representation of discrete distributions”, Statistics and
Probability Letters, 2025
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Rainfall occurrence modeling

Consequence of waiting time representation

Using enlarged state space (R,, Dy), let us control spell length distribution.

1. 1f 77 has geometric distribution, ¢\ := g € (0,1).
2. 1f 7V has discrete Weibull distribution, qg') =1 —exp(—\(d + 1)? — d”).

3. 1f 70 has discrete Pareto distribution, g := 1 — (%)l/a.

G(H(4H))— G(H (£)

4. 1f 70 has discrete extended-GPD distribution, q(') : T ) (with given G and H,

details in appendix).

y precipitation occurre 5 - ¢ Sorbonne-Ur té - Funded by Geolearning Chair



Rainfall occurrence modeling

Flexible rainfall occurrence Markov model

Model definition

Let us have {qg)}dzl, r=20,1, sequences in (0,1).
For given initial values ro € {0,1} and dy € N, set (Ro, Do) = (ro, do), and for all n € N:

(1~ Rn,1),  with probability g5,
(Rn+1, Doy1) =

(Rn, D + 1), with probability 1 — g5

Parameter estimation:
> Choose a parametric spell duration distribution 7@, 7().
» Estimate the parameters on (7« )k=1... k-

» Retrieve the sequences {q(([)}dzl.

Sorbonne-Ur té - Funded by Geolearning Chair
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Rainfall occurrence modeling

Focus on dry spell duration distribution

Let 7 follow a degenerate mixture of:
1. Amodeinl,
2. A discretized extended-Generalized Pareto distribution (deGPD) of type 1.
P(r® = d) = 14-1A + 1g5oP (Dyoc = d — 2),

with P (D, 5 ¢ < d) = (1= (1+£d/3)7/¢)", for any discrete d > 0.

Sorbonne-Uni d y learning Chair
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Histogram

ABBEVILLE spring ABBEVILLE summer ABBEVILLE antumn ABBEVILLE winter
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QQplots

ABBEVILLE spring ABBEVILLE summer ABBEVILLE antumn ABBEVILLE winter
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Survival function of dry spell duration

100

-t

10-2

0=

-4

==

-5

-7

ACHTOPOL spring

] ]
4 [}
El ]
3 [}
] 1
4 1
E| 1
1 1
] 1
4 1
3 1
1 1
] . 1 |
I 1= Femp ! \\
I = Fgpp “
_E — 1= ‘L__r,lrrjrri \
1 === top 0.05 quantile
T T T T T T T L
100 10t 102

when é> 0

ACHTOPOL spring top quantiles

- Frmp \\
1— ‘I:_r(.'PD \\\
El 1— F_r,lrrjrri \\
i === top (.05 quantile
T T T T
3% 100 4 10t G 10t 102

vith lon

tion occurrenc

arnin

Chair



Probability of ending spell

We can compare §g .cpp, from the fitted 7(©) with relation :

" P(r(D =d |7 >d), ifP(=\D >d)>o0,
1—R,,1 ith probability ¢\~ 99 = ;
(Rus1, Dps1) = ( +1), with probability g5, 1, otherwise.
(Rn, Dy +1), with probability 1 — gj,".
to an "empirical” fit on the recorded spell durations:
~(0) . Number of spells of length d
qd,emp *™ Number of spells longer than d

cipitation occurre ith long perio o bonne-Uni é - Funded by G



Probability of ending spell

ABBEVILLE summer xi = -0.039

ABBEVILLE autumn xi = -0.031
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Map of é in Spring
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Conclusion and next steps
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Conclusion and next steps

Conclusion and extensions

Next steps

Done 1. Spatialization model of the model.

1. Flexible rainfall occurrence model. (1— R,Sj), 1),

2. Control on dry spell tail (Rr(yjlp D,?L) =

G) HU)
distribution. (R:’, Dy” + 1),

3. Better persistence modeling. with U ~ C(-) a chosen copula

2. Rainfall intensity modeling.

Thank you for your listening !
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if URy)(j) < qu,onv

if UR,(;/) > q,(‘?’-n),Dn.
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Check modeling hypothesis

In an altenating renewal model, we suppose mutual independance of the (T‘E’))kzlm. We check the
autocorrelation.
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________________________________________________________________________________
Condition on the sequence (qgr))dzl,,_

T{O) < o0 as.

if and only if
oo
>oay) = oo
d=1

We consider this condition in order for the alternating renewal chain modeling to be relevant.
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